Abstract. We are interested in the periodic motion and bifurcations near the surface of an asteroid. The gravity field of an irregular asteroid and the equation of motion of a particle near the surface of an asteroid are studied. The periodic motions around the major body of triple asteroid 216 Kleopatra and the OSIRIS-REx mission target-asteroid 101955 Bennu are discussed. We find that motion near the surface of an irregular asteroid is quite different from the motion near the surface of a homoplastically spheroidal celestial body. The periodic motions around the asteroid 101955 Bennu and 216 Kleopatra indicate that the geometrical shapes of the orbits are probably very sophisticated. There exist both stable periodic motions and unstable periodic motions near the surface of the same irregular asteroid. This periodic motion which is unstable can be resonant or non-resonant. The period-doubling bifurcation and pseudo period-doubling bifurcation of periodic orbits coexist in the same gravity field of the primary of the triple asteroid 216 Kleopatra. It is found that both of the period-doubling bifurcations of periodic orbits and pseudo period-doubling bifurcation of periodic orbits have four different paths. The pseudo period-doubling bifurcation found in the potential field of primary of triple asteroid 216 Kleopatra shows that there exist stable periodic orbits near the primary's equatorial plane, which gives an explanation for the motion stability of the triple asteroid 216 Kleopatra's two moonlets, Alexhelios and Cleoselene.
Introduction
Irregular asteroids are quite common in the solar system (Hartmann 2000) . Space missions to asteroids (Emery et al. 2014) call to attention research about the laws of motion around irregular asteroids. In addition, several binary and triple asteroids have large size ratios (Marchis et al. 2010; Taylor and Margot 2011) ; research about the laws of motion around irregular asteroids are also useful for understanding the dynamical behaviors of moonlets of binary asteroids with large size ratios. The 3 For some simple-shaped bodies, the existence, number, and stability of equilibrium points are discussed in detail; these simple-shaped bodies include a logarithm and a massive finite segment (Elipe and Riaguas 2003) , a rotating homogeneous cube (Liu et al. 2011 ) and a dumbbell-shaped body (Li et al. 2013 ). Borisov and Zakharov (2014) discussed electrostatic charging and motion of dust particles around the surface of asteroids. Periodic orbits around simple-shaped bodies are also discussed; Riaguas et al. (1999) found several families of periodic orbits around a massive straight segment; in addition, Blesa (2006) calculated several families of periodic orbits around some simple planar plates. By using the direct geometrical look and a numerical method, periodic orbits near asteroid 216 Kleopatra (Yu and Baoyin 2012) and 4179 Toutatis (Scheeres 2012) can be classified into several families. These studies are about the motions in the potential of asteroids yet are not near the surface of the asteroid. Liu et al. (2013) used a rotating cube to model the gravity field of an irregular asteroid, and discussed the surface equilibria and the motion around the surface equilibria. Tardivel et al. (2014) derived the impact equation of grains on the surface of an asteroid. Yu and Baoyin (2014) numerically calculated the hopping on the surface of asteroid 1620 Geographos. However, the motion near the surface differs from the remote motion and surface motion. The remote motion around an asteroid (Scheeres 2012) needs to consider the solar gravity, and the perturbation expansion with low-order (e.g. 10x10) Legendre coefficients can model the gravity field of an irregular asteroid. On the other hand, motion near the surface of an asteroid (Yu and Baoyin 2014) does not need to consider the solar gravity, just the high-precision 4 gravity field of irregular asteroid, the coefficient of friction of the surface, and the mascons. The perturbation expansion with low Legendre coefficients is insufficient for the calculation of the motion near the surface of an asteroid, because the higher order terms take many iterations to converge, and even diverge at some points (Elipe and Riaguas 2003) . A polyhedral model with sufficient vertices and faces (Werner and Scheeres 1997; Yu and Baoyin 2014 ) is necessary to calculate the gravity field and the irregular shape of asteroids.
With the goal of studying the periodic motion near the surface of an asteroid, we considered the irregular asteroidal gravity field, the equation of motion, and the effective potential. We discussed the periodic motion near the surfaces of asteroid 216 Kleopatra and asteroid 101955 Bennu; triple asteroid 216 Kleopatra has a large size ratio and asteroid 101955 Bennu is the target of the OSIRIS-REx mission. We find that the motion near the surface of an irregular asteroid is quite different from the motion near the surface of a homoplastic spheroidal celestial body, including whether a collision occurs in different frames as well as the complexity of the effective potential and periodic orbits. There exist orbits which are periodic in the body-fixed frame and will not collide with the body of the irregular asteroid; but they are non-periodic orbits in the inertial frame that will pass through the body of the irregular asteroid at the initial time. We found and analyzed four periodic orbits near the surface of asteroid 101955 Bennu and two periodic orbits near the surface of asteroid 216 Kleopatra. The geometric shapes of these orbits are very sophisticated.
Stable and unstable periodic motions co-exist near the surface of the same irregular 5 asteroid 101955 Bennu. We found two families of periodic orbits near the surface in the potential of the major body of the triple asteroid 216 Kleopatra. These are period-doubling bifurcation and pseudo period-doubling bifurcation.
Equation of Motion and an Irregular Asteroid's Gravity Field
Denote r as the body-fixed vector from the asteroid's mass center to the particle,   U r as the gravitational potential (Scheeres 2012) of the asteroid, ω as the rotational angular velocity of the asteroid relative to the inertial space. To express all the vectors in the body-fixed frame, let 
The effective potential is
where the symbol  means exterior product while means inner product. 
where the effective potential
Using the effective potential, we can write the Jacobian integral as
Usually, asteroids do have not enough mass to use their gravity to surmount the solid stress, so most asteroids have irregular shapes and an irregular gravity field (Ostro et al. 2000  r E r r F r ,
and the gravitational force can be calculated by (Campins et al. 2010 ) was discovered on September 11, 1999. A spacecraft based on the OSIRIS-REx mission will visit it; the mission will return samples to Earth for further detailed laboratory study (Emery et al. 2014) . The mean diameter of asteroid 101955
Bennu is 492 ± 20 m (Nolan et al. 2013b) , the sidereal rotation period is 4.288 h, and the bulk density is 0. they are asteroids 216 Kleopatra and 101955 Bennu, which have 7 and 9 relative equilibrium points, respectively. Figure 1 shows equilibrium points and the contour plot of the effective potential for asteroid 216 Kleopatra. From the diameters of these two asteroids, one can know that 216 Kleopatra has 4 relative equilibrium points outside and 3 relative equilibrium point inside the body while asteroid 101955 Bennu has 8 outside and 1 inside Wang et al. 2014; Jiang et al. 2015) . ,, V x y z  is sufficiently small. Equilibrium points inside the body of the asteroid are also calculated. 
Stability and Resonance of Periodic Motion near the Surface of Asteroids
Motions of a particle near the surface of irregular asteroids are intricate and quite different from those near the surface of a homoplastic spheroidal celestial body.
Throughout this paper, we calculate periodic orbits in the body-fixed frame, i.e. the rotating frame. In this section, we discuss the periodic motion near the surface of asteroids.
We write the dynamical equation as 
and the monodromy matrix for this periodic orbit
Eigenvalues of the monodromy matrix are Floquet multipliers of the periodic orbit.
Periodic Motions near the surface in a Different Frame
Using the hierarchical parameterization, we can calculate periodic orbits ( orbit is periodic in the body-fixed frame, but in the inertial frame, it is a non-periodic orbit and passes through the body of asteroid 216 Kleopatra at the initial time. The mean radius of asteroid 216 Kleopatra is 135km (Descamps et al. 2011) , the minimal distance between the orbit and the mass center of the asteroid is less than the mean 11 radius of the asteroid. This periodic orbit indicates that the motion near the surface of irregular asteroids is quite different from the motion near the surface of a homoplastic spheroidal celestial body. Figure 2a . A periodic orbit of the particle near the surface of the asteroid 216 Kleopatra in the inertial frame Figure 2b . A periodic orbit of the particle near the surface of the asteroid 216 Kleopatra in the body-fixed frame
Stability and Resonance
Jiang (2015) discussed local periodic motion around equilibrium points, however, these local periodic motions around equilibrium points are only 1:1 resonant, which means the period ratio of the orbits and the asteroid's rotation period is 1:1. One can't find resonance periodic orbits around equilibrium points with other period ratios. Here we search for resonant motions which approach the surface of the irregular body with other period ratios. The relative equilibrium points influence relative periodic orbits 
. Table 1 shows the initial positions and the initial velocities of six periodic orbits in the body-fixed frame. Periodic orbits 1-4 are relative to asteroid 101955 Bennu while periodic orbits 5-6 are relative to asteroid 216
Kleopatra. Table 2 presents Floquet multipliers of these periodic orbits near the surface of asteroid 101955 Bennu and 216 Kleopatra. The period of periodic orbit 1 is 29.99 h, the ratio of the period of periodic orbit 1 and the asteroid's rotation period is 7:1; this periodic motion is resonant and unstable. The period is of periodic orbit 2 also 29.99 h; this periodic motion has the same period as periodic orbit 1. From Table 2 , we can see that the Floquet multipliers of periodic orbits 1 and 2 are different; periodic orbit 2 is stable. These two periodic motions seem to be symmetrical. This result implies that periodic motions near the surface of an asteroid might have similar geometrical shapes and periods but have different topological cases and stability. Besides, the resonant motion near the surface of an asteroid may be stable. The period of periodic orbit 3 is 12.85 h; all Floquet multipliers of this periodic motion are real numbers, and this periodic motion is unstable. The period of periodic orbit 4 is 21.42 h; four Floquet multipliers of this periodic motion are complex numbers, and this periodic motion is also unstable. The topological cases for the orbits with pure periodic cases contain seven different cases. These cases have at least two Floquet multipliers equal to 1. These seven cases are non-collisional and non-degenerate-real-saddle. The characteristics of these cases are presented in Table 3 .
The topological cases for the periodic orbits with period-doubling contain four different cases. These cases have at least two Floquet multipliers equal to 1 and two equal to 1  . The characteristics of these cases are presented in Table 4 . 
where If one uses only one parameter to calculate the periodic orbit family, the continuation may stop when the parameter equals a local extreme point. The period-doubling bifurcations and the pseudo period-doubling bifurcations may occur when the periodic orbit family is continuing. The Floquet multipliers of periodic orbits will move while the continuation. If there exist at least two Floquet multipliers which collide at -1 and the topological cases of the periodic orbits after collision have no change, the pseudo period-doubling bifurcation occur; else if the topological cases of the periodic orbits after collision change, the period-doubling bifurcation occur.
The sameness between the period-doubling bifurcation and the pseudo period-doubling bifurcation is they all have at least two Floquet multipliers collide at -1. The difference between them is whether the topological cases of the periodic orbits after collision change. The continuation phenomenon depends on the period-doubling bifurcations, pseudo period-doubling bifurcations, and the functional relation between the periodic orbit families, and the parameter. Now take the Jacobian integral as the parameter. We compute the periodic orbit family when the Jacobian integral is monotone increasing, and when it is monotone decreasing. Then we gets the following: Asteroid 216 Kleopatra's shape is much more irregular than 101955 Bennu, and Kleopatra has two moonlets, which makes continuing the periodic orbit families around Kleopatra has more scientific significance than continuing them around Bennu.
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So, we choose asteroid 216 Kleopatra to continue the periodic orbit families. Figure 4a shows the continuation of the periodic orbit that has the period-doubling bifurcations. Figure 4b presents the motion of characteristic multipliers of periodic orbits when the numerical continuation of periodic orbit families is required, which leads to the transfer of topological cases of periodic orbits.
From figure 4b, we can see that the period-doubling bifurcation occurs. The Jacobian integral varies between [-1160.454, -660 (216) 2) (Descamps et al. 2011) , all have reversed nearly-circular quasi-periodic orbits relative to the primary of triple asteroid 216 Kleopatra. Figure 5 gives an explanation for the motion stability of these two moonlets. The periodic orbit family is reversed, nearly circular, and periodic, but is stable. During the continuation, the Floquet multipliers collide at -1. However, the collision of Floquet multipliers does not leads to the period-doubling bifurcation; after the collision, the Floquet multipliers pass through each other such that the periodic orbits are still stable. This implies that there exists a stable region in the potential field of the primary body of triple asteroid 216 Kleopatra, this stable region is consisted of periodic orbits or quasi-periodic orbits which are nearly circular, and the inclinations of the periodic orbits relative to the primary's body-fixed frame are approximately equal to zero.
Conclusions
We analyze the periodic motion near the surface of an asteroid. We discussed the irregular asteroidal gravity field, the equation of motion and the effective potential.
Periodic motions near the surface of asteroid 216 Kleopatra and asteroid 101955
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Bennu are investigated. The motion near the surface of an irregular asteroid is quite different from the motion near the surface of a homoplastic spheroidal celestial body;
for example, there exist a periodic orbit such that the minimal distance between the orbit and the mass center of the asteroid is less than the mean radius of the asteroid.
Moreover, periodic orbits near the surface of asteroid 101955 Bennu and 216
Kleopatra are analyzed. The result indicates that stable resonant periodic motions and unstable resonant periodic motions near the surface of the same irregular asteroid probably coexist.
We also investigated the continuation of a periodic orbit with multi-parameters.
We found periodic orbit families in the potential of an asteroid to have four different kinds of period-doubling bifurcations and four kinds of pseudo period-doubling bifurcations. Numerical results illustrate that the period-doubling bifurcation and pseudo period-doubling bifurcation may coexist in the potential of an asteroid. We found a pseudo period-doubling bifurcation while a periodic orbit in the potential of the primary of triple asteroid 216 Kleopatra is continuing. The periodic orbit family is nearly circular and stable, and the orbit of the periodic orbit family and the equatorial plane of the primary are almost coincident, which implies that there exists a stable region in the potential of the primary of triple asteroid 216 Kleopatra, providing a point of view to understand the motion stability of the two moonlets.
